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A NOTE ON SUB-RIEMANNIAN STRUCTURES ASSOCIATED WITH COMPLEX
HOPF FIBRATIONS
CHENGBO LI AND HUAYING ZHAN
Abstract. Sub-Riemannian structures on odd-dimensional spheres respecting the Hopf fibration natu-
rally appear in quantum mechanics. We study the curvature maps for such a sub-Riemannian structure
and express them using the Riemannian curvature tensor of the Fubini-Study metric of the complex
projective space and the curvature form of the Hopf fibration. We also estimate the number of con-
jugate points of a sub-Riemannian extremal in terms of the bounds of the sectional curvature and the
curvature form. It presents a typical example for the study of curvature maps and comparison theorms
for a general corank 1 sub-Riemannian structure with symmetries done by C.Li and I.Zelenko in [3].
1
1. Introduction
In the present note we focus on the sub-Riemannian geodesics for sub-Riemannian structures associated
with the complex dimensional Hopf fibration
S
1 →֒ S2n+1 →֒ CPn
over the complex projective space CPn. The motivation for the work is two-fold. On one hand, it has
a natural quantum physics background. The case n = 1 is of course the classical Hopf fibration which
was well studied and explicit formulas for geodesics were obtained. However, the calculations for the
high dimensional case (n ≥ 2) become quite complicate and only partial results were obtained. See
[1] and the references therein for details. On the other hand, using the tool developed in the study of
geometry of curves in Lagrange Grassmannians, we constructed in [3] the curvature maps and expressed
them in terms of the Riemannian curvature tensor of the base manifold and the curvature form of the
principle connection of the principle bundle. However, the disadvantage there is the lack of examples to
be complementary for the theory while the sub-Riemannian structures associated with the complex Hopf
fibrations can exactly play such a role. More precisely, instead of making efforts to obtain the explicit
parametric expression of sub-Riemannian geodesics, we study the curvature maps of the sub-Riemannian
structures associated with the complex Hopf fibration in order to have the intrinsic Jacobi equation along
a sub-Riemannian extremal so that we can establish the comparison theorems to estimate the number of
conjugate points along the sub-Riemannian geodesic.
We organize the note as follows. First of all, we formulate the sub-Riemannian geodesic problems
for the sub-Riemannian structures associated with complex Hopf fibrations. Secondly, we explain the
constructions of the curvature maps for a contact sub-Riemannian structure and then show the expressions
of the curvature maps when there are additional transverse symmetries. Finally, we apply the results to
the sub-Riemannian structures associated with complex Hopf fibrations and get the comparison theorems
of the estimation of the number of conjugate points along a sub-Riemannian geodesic.
2. sub-Riemannian geodesic problem associated with complex Hopf fibrations
We will start with a description of a sub-Riemannian structure associated with a principleG-connection
on a principle G-bundle over a Riemannian manifold and then specialize to the case for the complex Hopf
fibrations.
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We use the standard terminology from the theory of principle G-bundles (see e.g. [2]). Let π : P →M
be a principle G-bundle over a smooth manifold (M, g). For any p ∈ P we can define in TpP the vertical
subspace
Vp := {v ∈ TpP |π∗v = 0}
and V = {Vp : p ∈ P} is usually called the vertical distribution. A principal G-connection on P is a
differential 1-form (connection form) on P with values in the Lie algebra g of G which is G-equivariant
and reproduces the Lie algebra generators of the fundamental vector fields on P . In other words, it is an
element of ω ∈ Ω1(P, g) such that
• Ad(g)(R∗gω) = ω,where Rg denotes right multiplication by g;
• if ξ ∈ g and Xξ is the fundamental vector field on p associated to g, then ω(Xξ) = ξ.
A principle G-connection is equivalent to a G-equivariant Ehresmann connection H, i.e., a smooth vector
distribution H on P satisfying
TpP = Hp + Vp, Hpg = d(Rg)p(Hp), ∀p ∈ P, g ∈ G.
Such a distribution H is usually called a horizontal distribution.
What we concerned is the case that the manifoldM is equipped with a Riemannian metric 〈·, ·〉 because
a sub-Riemannian structure is then naturally associated with. Namely, the pull back π∗(〈·, ·〉) defines
an inner product on the distribution H as π is an isomorphism between Hp and Tπ(p)M. The triple
(P,H, 〈·, ·〉) is called a sub-Riemannian structure associated with the principle G-bundle π : P →M . As
a special case, the complex Hopf fibration
S
1 →֒ S2n+1 π→֒ CPn
is a principle G−bundle, where G = U(1) ∼= S1 is the circle action and CPn is equipped with the Ka¨hlerian
Fubini-Study metric 〈·, ·〉. The action of e2πit ∈ U(1) on S2n+1 is defined by
e2πitz = e2πit(z1, ..., zn) = (e
2πitz1, ..., e
2πitzn).
We will use both real (x1, y1, ..., xn, yn) and complex coordinates zk = xk+iyk, k = 1, ..., n. The horizontal
tangent space Hz at z ∈ S2n+1 is the maximal complex subspace of the real tangent space TzS2n+1. The
unit normal real vector field N(z) at z ∈ S2n+1 is given by
N(z) =
n∑
i=1
xk∂xk + yk∂yk = 2Re
n∑
i=1
zk∂zk .
The vertical real vector field
(2.1) V (z) = iN(z) =
n∑
i=1
−yk∂xk + xk∂yk = 2Re
n∑
i=1
izk∂zk
is globally defined and non-vanishing and spans the vertical distribution V of the complex Hopf fibration
S1 →֒ S2n+1 π→֒ CPn. A natural choice of G-principle connection H is such that Hz is the orthogonal
complement of Vz in TzS2n+1 w.r.t. the round metric at ∀z ∈ S2n+1. The restriction of the round
metric to the horizontal and vertical subspaces is denoted by dH and dV , respectively. Concluding the
above constructions we will work with a sub-Riemannian manifold that is the triple (S2n+1,H, dH).
Note that it is a special case of a sub-Riemannian structure associated with a principle bundle. Indeed,
π : S2n+1 → CPn is a Riemannian submersion, where the round metric is endowed upon S2n+1 and the
the Fubini-Study metric is endowed upon CPn (see. e.g.[5]), therefore dH = π
∗(〈·, ·〉). We finally remark
that by definition the distribution H is nonholonomic or bracket-generating.
3. Construction of curvature maps for a contact sub-Riemannian structure
The following construction can actually be done for a general sub-Riemannian structure. However,
as the sub-Riemannian structure (S2n+1,H, dH) is of contact type, it suffices to focus on a contact sub-
Riemannian structure, which also proves to be a more concrete exposition than that of the general
one. For this, let (M,D, 〈·, ·〉) be a sub-Riemannian structure on M and D is a contact distribution.
Assume that M is connected and that D is nonholonomic or bracket-generating. A Lipschitzian curve
γ : [0, T ] −→ M is called admissible if γ˙(t) ∈ Dγ(t), for a.e. t. It follows from the Rashevskii-Chow
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theorem that any two points in M can be connected by an admissible curve. One can define the length
of an admissible curve γ : [0, T ] −→M by ∫ T0 ‖γ˙(t)‖dt, where ‖γ˙(t)‖ = 〈γ˙(t), γ˙(t)〉
1
2 .
3.1. Sub-Riemannian geodesics. The length minimizing problem is to find the shortest admissible
curve connecting two given points on M . As in Riemannian geometry, it is equivalent to the problem
of minimizing the kinetic energy 12
∫ T
0
‖γ˙(t)‖2dt. The problem can be regarded as an optimal control
problem and its extremals can be described by the Pontryagin Maximum Principle of Optimal Control
Theory ([6]). There are two different types of extremals: abnormal and normal, according to vanishing
or nonvanishing of Lagrange multiplier near the functional, respectively. For the case of a contact sub-
Riemannian structure, all sub-Riemannian energy (length) minimizers are the projections of normal
extremals (see e.g. [4]).
Therefore we shall focus on normal extremals only. To describe them let us introduce some notations.
Let T ∗M be the cotangent bundle of M and σ be the canonical symplectic form on T ∗M , i.e., σ = −dς ,
where ς is the tautological (Liouville) 1-form on T ∗M . For each function H : T ∗M → R, the Hamiltonian
vector field ~h is defined by i~hσ = dh. Given a vector u ∈ TqM and a covector p ∈ T ∗qM we denote by p ·u
the value of p at u. Let
(3.2) h(λ)
∆
= max
u∈D
(p · u− 1
2
‖u‖2) = 1
2
‖p|Dq‖2, λ = (p, q) ∈ T ∗M, q ∈M, p ∈ T ∗qM,
where p|Dq is the restriction of the linear functional p to Dq and the norm ‖p|Dq‖ is defined w.r.t. the
Euclidean structure on Dq. The normal extremals are exactly the trajectories of λ˙(t) = ~h(λ).
3.2. Jacobi curve and conjugate points along normal extremals. Let us fix the level set of the
Hamiltonian function h:
Hc ∆= {λ ∈ T ∗M |h(λ) = c}, c > 0
Let Πλ be the vertical subspace of TλHc, i.e.
Πλ = {ξ ∈ TλHc : π∗(ξ) = 0},
where π : T ∗M −→ M is the canonical projection. With any normal extremal λ(·) on Hc, one can
associate a curve in a Lagrange Grassmannian which describe the dynamics of the vertical subspaces Πλ
along this extremal w.r.t. the flow et
~h, generated by ~h. For this let
(3.3) t 7−→ Jλ(t) ∆= e−t~h∗ (Πet~hλ)/{R~h(λ)}.
The curve Jλ(t) is the curve in the Lagrange Grassmannian of the linear symplectic space Wλ =
TλHc/R~h(λ) (endowed with the symplectic form induced in the obvious way by the canonical symplectic
form σ of T ∗M). It is called the Jacobi curve of the extremal et
~hλ (attached at the point λ).
The reason to introduce Jacobi curves is two-fold. On one hand, it can be used to construct differential
invariants of sub-Riemannian structures, namely, any symplectic invariant of Jacobi curve, i.e., invariant
of the action of the linear symplectic group Sp(Wλ) on the Lagrange Grassmannian L(Wλ), produces
an invariant of the original sub-Riemannian structure. On the other hand, the Jacobi curve contains all
information about conjugate points along the extremals.
Recall that time t0 is called conjugate to 0 if
(3.4) et0
~h
∗ Πλ ∩ Πet0~hλ 6= 0.
and the dimension of this intersection is called the multiplicity of t0. The curve π(λ(·))|[0,t] isW 1∞-optimal
(and even C-optimal) if there is no conjugate point in (0, t) and is not optimal otherwise. Note that (3.4)
can be rewritten as: e−t0
~h
∗ Πet0~hλ ∩ Πλ 6= 0, which is equivalent to
Jλ(t0) ∩ Jλ(0) 6= 0.
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3.3. Curvature maps and structural equations. For a curve Λ(·) in Lagrange Grassmannian of a
linear symplectic space W , satisfying very mild condition, one can construct the complete system of
symplectic invariants([7]) and the normal moving frame satisfying some canonical structural equation.
In particular, for the Jacobi curve Jλ(·), where λ ∈ H 1
2
, associated with a sub-Riemannian extremal of
a contact sub-Riemannian structure, such a result reads in a simpler way. Fix dimM = n.
Definition 1. The moving Darboux frame (Eλa (t), E
λ
b (t), E
λ
c (t), F
λ
a (t), F
λ
b (t), F
λ
c (t)), where
Eλa (t), E
λ
b (t), F
λ
a (t), F
λ
b (t)are vectors and E
λ
c (t) = (E
λ
c1
(t), · · · , Eλcn−3(t)), Fλc (t) = (Fλc1(t), · · · , Fλcn−3(t)),
is called the normal moving frame of Jλ(t), if for any t,
Jλ(t) = span{Eλa (t), Eλb (t), Eλc (t)}
and there exists an one-parametric family of normal mappings (Rt(a, a), Rt(a, c), Rt(b, b), Rt(b, c), Rt(c, c)),
where Rt(a, a), Rt(b, b) ∈ R and Rt(a, c), Rt(b, c) ∈ R(n−3)×1 and Rt(c, c) ∈ R(n−3)×(n−3) is symmetric
for any t, such that the moving frame (Eλa (t), E
λ
b (t), E
λ
c (t), F
λ
a (t), F
λ
b (t), F
λ
c (t)), satisfies the following
structural equation:
(3.5)


E′a(t) = Eb(t)
E′b(t) = Ec(t)
E′c(t) = Fc(t)
F ′a(t) = −Ea(t)Rt(a, a)− Ec(t)Rt(a, c)
F ′b(t) = −Fa(t)− Eb(t)Rt(b, b)− Ec(t)Rt(b, c)
F ′c(t) = −Ea(t)(Rt(a, c))T − Eb(t)(Rt(b, c))T − Ec(t)Rt(c, c).
Theorem 3.1. There exists a normal moving frame (Eλa (t), E
λ
b (t), E
λ
c (t), F
λ
a (t), F
λ
b (t), F
λ
c (t)) of Jλ(t).
Moreover, if there is another normal moving frame (E˜λa (t), E˜
λ
b (t), E˜
λ
c (t), F˜
λ
a (t), F˜
λ
b (t), F˜
λ
c (t)) of Jλ(t),
then it must hold
(E˜λa (t), E˜
λ
b (t)) = ±(Eλa (t), Eλb (t)),
E˜λc (t) = E
λ
c (t)O,
where O is a constant orthornormal matrix.
Remark 1. If n = 3, then Eλc (t), F
λ
c (t) do not appear in the above construction and such a convention
is understood in the remainder of the text.
It follows from the last theorem that there is a canonical splitting of the subspace Jλ(t), i.e.,
Jλ(t) = Va(t)⊕ Vb(t)⊕ Vc(t),
where Va(t) = REa(t), Vb(t) = REb(t), Vc(t) = span{Ec(t)}. Each space is endowed with the canonical
Euclidean structure, in which a or a tuple of vectors Ea(t), Eb(t), Ec(t) from some (and therefore any)
normal moving frame constitutes the orthonormal frame. For any s1, s2 ∈ {a, b, c}, the linear map from
Vs1(t) to Vs2(t) with the matrix Rt(s1, s2) from (3.5) in the basis {Es1(t)} and {Es2(t)} of Vs1(t) and
Vs2(t) respectively, is independent of the choice of normal moving frames. It will be denoted by Rt(s1, s2)
and it is called the (s1, s2)-curvature map of the curve Λ(·) at time t.
3.4. Expressions of the curvature maps and the comparison theorems. The construction above
helps to find very fruitful additional structures in the cotangent bundle T ∗M .The structural equation
(3.5) for the Jacobi curve Jλ(t) can be seen as the intrinsic Jacobi equation along the extremal et~hλ and
the curvature maps are the coefficients of this Jacobi equation.
Since there is a canonical splitting of Jλ(t) and taking into account that Jλ(0) and Πλ can be naturally
identified, we have the canonical splitting of Πλ:
Πλ = Va(λ)⊕ Vb(λ)⊕ Vc(λ), dimVa(λ) = dimVb(λ) = 1, dimVc(λ) = n− 3,
where Vs(λ) = Vs(0), s = a, b, c. Moreover, let Rλ(s1, s2) : Vs1(λ) → Vs2(λ) and the Rλ : Πλ → Πλ be
the (s1, s2)-curvature map. These maps are intrinsically related to the sub-Riemannian structure. They
are called the (s1, s2)-curvature.
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In the Riemannian case, the curvature map is expressed in terms of Riemannian curvature tensor
and the structural equations are actually the Jacobi equations in Riemannian geometry. For a sub-
Riemannian structures (P,H, 〈·, ·〉) associated with a principle connection H on a G-bundle π : P → M
with one dimensional fibers, it turns out that the big curvature map is a combination of Riemannian
curvature tensor of M and the curvature form. To be more precise, let ω be the connection 1-form of H
then dω is the curvature form and it induces a 1-1 tensor on M
g(JX, Y ) = dω(X,Y ).
A general formula of the curvature maps using the Riemannian curvature tensor on M and the tensor J ,
together with their covariant derivatives can be found in [3].
Now let us specialize to the case of a sub-Riemannian structure (S2n+1,H, dH). It can be shown that
(J, g) defines a Ka¨hlerian structures on CPn. See e.g. [5, Chapter 3]. In this case the curvature maps read
in a very simple form. For this, let us first of all give more explicit description of the subspaces Vz(λ).
As the tangent space of the fibers of T ∗S2n+1 can be naturally identified with the fibers themselves (the
fibers are linear spaces), one can show that,
Va(λ) = H⊥z ,
where H⊥z is the annihilator of H, namely,
H⊥z = {p ∈ T ∗z S2n+1 : p · v = 0, ∀v ∈ Hz}.
Since the Moreover, we have that
(3.6) Vb(λ)⊕ Vc(λ) ∼ H∗z ∼ Hz .
Since the π∗ : Hz → Tπ(z)CPn is an isometry for all z ∈ S2n+1, we also take Jz as a antisymmetric
operator on Hz . So, under the above identifications, one can show that
(3.7) Vb(λ) = RJzp, Vc(λ) = (RJzp)⊥.
Actually, dω can be seen as a magnetic field and J can be seen as a Lorenzian force on CPn. The
projection by π of all sub-Riemannian geodesics describes all possible motion of a charged particle (with
any possible charge) given by the magnetic field dω on the Riemannian manifold CPn(see e.g. [4, Chapter
12] and the references therein).
Define u0 : T
∗S2n+1 → R by u0(p, z) := p · V (z), z ∈ S2n+1, p ∈ T ∗z S2n+1, where V is the vertical
vector field defined in (2.1). As before λ = (p, z) ∈ H 1
2
, z ∈ S2n+1, p ∈ T ∗z S2n+1, any v ∈ TλT ∗z S2n+1(∼
T ∗z S
2n+1 ∼ TzS2n+1), we have a vector vh := π∗v ∈ Tπ(z)CPn; conversely, given any X ∈ Tπ(z)CPn, there
is a unique Xv ∈ Hz ⊂ TzS2n+1(∼ T(p,z)TzS2n+1), p ∈ T ∗z S2n+1.
Theorem 3.2. Let (〈·, ·〉, J) be the Ka¨hlerian structure on CPn and R∇ the Riemannian curvature
tensor of 〈·, ·〉. Then for ∀v ∈ Vc(λ),
g((Rλ(c, c)(v))
h, vh) = g(R∇(ph, vh)ph, vh) +
u20
4
‖v‖2,
Rλ(b, c)(v) = g(R
∇(ph, Jph)ph, vh)Eb(λ),
ρλ(b, b) = g(R
∇(ph, Jph)ph, Jph) + u20,
Rλ(c, a) = 0 and Rλ(a, a) = 0,
where Eb(λ) and ρλ(b, b) are defined by
Eb(λ) = (Jph)v, Rλ(b, b)vb = ρλ(b, b)vb, ∀vb ∈ Vb(λ).
Now let us recall an estimate on the bounds of sectional curvature of Fubini-Study metric on CPn
from the theory of Riemannian submersion (see e.g. [5, chapter 3])
Theorem 3.3. Let sec(g) be the Riemannian sectional curvature of g on CPn. Then sec(g) ∈ [1, 4].
Moreover, the estimate of the bounds is sharp, namely, the values 1 and 4 are achieved.
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Using the tool of the Generalized Sturm Theorem for curves in Lagrangian Grassmannians, we obtained
the comparison theorems of estimation of number of conjugate points along a sub-Riemannian extremal
of a contact sub-Riemannian structure with symmetries and satisfying some compatible condition (see
[3] and the references therein).
Theorem 3.4. The number of conjugate points ♯T
(
λ(·)) to 0 on (0, T ] along λ(·) satisfies the following
inequality
(3.8) ZT (1 + u¯
2
0, 1 +
1
4
u¯20) ≤ ♯T (λ(·)) ≤ ZT (4 + u¯20, 4 +
1
4
u¯20),
where
ZT (ωb, ωc) = (n− 3)[T
√
ωc
π
] + [
T
√
ωb
2π
] + ♯T {tan(
√
ωb
2
x)−
√
ωb
2
x = 0}.
Corollary 1. Under the same estimates the following statement hold for a normal sub-Riemannian
extremal on H 1
2
∩ {u0 = u¯0}:
(1) There is no conjugate points to 0 in the interval
(
0, π√
4+ 1
4
u¯2
0
)
;
(2) There is at least (n − 3) conjugate points to 0 in the interval (0, 2π√
4+u¯2
0
]
and there are at least
(n− 2) in the interval (0, 2π√
1+u¯2
0
]
• Relation to quantum systems The sub-Riemannian minimization problem for (S2n+1,H, 〈·, ·〉) ,
the initial and end points represent initial and target states of the system and to find a minimizer is
equivalent to find a path which transfer the minimal energy from the initial to the target states (see [1]).
So, we have shown that a sub-Riemannian geodesic γ(·) = π(λ(·)) always transfers the minimum energy
from the state γ(0) to the state γ(T ), ∀T < π√
4+ 1
4
u¯2
0
but fails to do this from the state γ(0) to the state
γ(T ), ∀T ≥ 2π√
4+u¯2
0
.
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